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Abstract

The choice of what tests to sequence is essential in making a clinical 
decision. A variety of sequential techniques have been proposed to combine 
tests to increase the overall accuracy, including Believe the Positive (BP), 
Believe the Negative (BN), and the relatively new Believe the Extreme (BE). 
For a two test sequence, the BP strategy administers Test 2 only if the results 
on Test 1 are not positive. Similarly, the BN strategy administers Tests 2 only if 
the results on Test 1 are not negative. For both of these strategies (BP and BN), 
two thresholds are required. In the BE strategy, only those subjects who tested 
neither positive nor negative for disease with Test 1 are administered Test 2. 
Thus there are 3 thresholds for a two test BE strategy: 2 for the initial test, and 
1 for the second test. The BE strategy can at times approximate the BP and 
BN strategies if the upper threshold on the first test is estimated very high or 
low. This paper explores the BE strategy while varying parameters associated 
with the features of each test to determine when the BE strategy behaves as a 
BP or BN strategy, as opposed to requiting all three thresholds. Two practical 
examples are presented: sleep apnea data and pancreatic cancer. The sleep 
apnea study shows that the BE strategy might actually function as a BN strategy. 
The cancer study shows how BE can display better accuracy and lower cost 
than either the BN or BP strategies. 
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Abbreviations
BP: Believe the Positive; BN: Believe the Negative; BE: Believe the 

Extreme; PSA: Prostate Specific Antigen; MROC curve: Maximum 
Receiver Operating Characteristic; FPR: False Positive Rate; U: 
Upper; L: Lower; N: Non-diseased; D: Diseased; CDFs: Cumulative 
Distribution Functions; P(D): Prevalence; GYI: Generalized Youden 
Index; OOP: Optimal Operating Point; b: Standard Deviation Ratio; 
ρ: Correlations; AUC: Area Under the Curve; OSA: Obstructive 
sleep apnea; AHI: Apnea-Hypopnea Index; ESS: Epworth Sleepiness 
Scale; BMI: Body Mass Index; CA125: Cancer Antigen 125; CA19-9: 
Carbohydrate Antigen 19-9

Introduction
A number of techniques have been used to improve the overall 

accuracy of the diagnostic process. Sequential testing techniques 
combine multiple tests sequentially in order to classify subjects into 
one of two groups (diseased or non-diseased). The use of combinations 
of logic rules is a popular technique for combining a sequence of tests 
[1-3]. Two such logic rules, Believe the Negative (BN) and Believe the 
Positive (BP) are often explored in the literature and currently are the 
most popular techniques for combining sequential tests [4-7]. For a 
two test sequence, the BP strategy administers Test 2 to subjects only 
if the results on Test 1 are not positive. Similarly, the BN strategy for a 
two test sequence administers Tests 2 to subjects only if the results on 
Test 1 are not negative. For both of these strategies (BP and BN), two 
thresholds are required: one for Test 1 and one for Test 2. A relatively 
new sequential method, which we call Believe the Extreme (BE) is 
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rarely mentioned in the literature [2,3,5]. In the BE strategy with two 
tests there are 2 thresholds to classify patients as positive, negative, 
or uncertain for disease on the first test. Patients who test neither 
positive nor negative for disease in Test 1 are administered Test 2, 
where a single threshold determines positivity of the test [5]. Etzioni 
et al. appear to be the first to formalize the statistical evaluation of 
the BE strategy in the context of prostate cancer (PSA and percent-
free PSA) although the strategy was not named by the researchers. 
Previous studies found that the BE strategy was the most consistently 
accurate and least costly choice (the cost of testing defined as the 
number of subjects who need more than one test to diagnose disease) 
when compared to the BP and BN strategies [5,8]. The BE strategy has 
also been shown to resolve to a BP or BN strategy as a special case [5]. 
The BE strategy has also been shown to resolve to a BP or BN strategy 
as a special case [5]. 

This paper examines the BE strategy to determine when the BE 
strategy reduces to the BN or BP strategy for which only a single 
threshold for the initial test is needed and when two thresholds are 
required for the initial test. That is, are there scenarios or contexts for 
which the BE strategy stands on its own, or should researchers only 
consider the BP or BN strategy. In this investigation, the BE strategy 
is assessed at the optimal point, considering test characteristics such 
as ratios of the standard deviations of diseased and non-diseased 
populations, area under the curve, correlation between the two tests 
of diseased and non-diseased populations, and prevalence of disease.

Method
The use of the BE strategy is associated with three thresholds (two 
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thresholds for the first test and one threshold for the second test). The 
first test (Test 1) is measured on all subjects. When the result of Test 
1 is in a grey zone (where subjects cannot be classified as negative or 
positive), Test 2 is administered to determine their diagnostic status. 
Specifically, the BE strategy will classify a subject as having disease if 
the result of Test 1 exceed an Upper threshold (U) or if the result for 
Test 1 is neither positive nor negative (grey zone) and the second test 
is positive for disease. The BE strategy will classify a subject as non-
diseased if the result of Test 1 is less than a Lower (L) threshold or if 
the result for Test 1 is neither positive or negative (grey zone) and the 
second test is negative for disease. This procedure may produce more 
than one sensitivity value corresponding to a fixed specificity, a result 
of choosing different thresholds for the BE strategy. The Maximum 
Receiver Operating Characteristic (MROC) curve has been used 
to summarize the accuracy results for the BE testing strategy as it 
depicts the best (maximum) sensitivity for a fixed False Positive Rate 
(FPR=1-specificity) [5,8]. 

Computing sensitivity and specificity for the BE strategy
Let X1D and X2D represent the continuous test results of the diseased 

(D) population for Tests 1 and 2 respectively. Let X1N and X2N represent 
the test results of non-diseased (N) population for Tests 1 and 2 
respectively. Let θ1U and θ1L represent the two thresholds associated 
with Test 1 where θ1U > θ1L, and θ2 is the threshold associated with 
Test 2. Let F1D, F2D, F1N and F2N represent the Cumulative Distribution 
Functions (CDFs) of test results for those with (D) and without (N) 
disease for the first (1) and second (2) test. Finally, let F1D,2D and F1N,2N 
represent the joint CDFs of test results for those with (D) and without 
(N) disease between Tests 1 and 2. The BE strategy uses combinations 
of “AND” and “OR” statements to define overall disease positive or 
negative test results. The key rules of testing for this strategy are the 
following:

Positive result if X1> θ1U or X2> θ2 and θ1L<X1< θ1U

Negative result if X1< θ1L or X2< θ2 and θ1L<X1< θ1U

The formula for FPR and Sensitivity (Se) of the BE strategy are 
given by [5]. 

1 1 1 ,2 1 2 1 ,2 1 2( ), 1 ( ) ( , ) ( , )BE
N L N N L N N UFPR F F F= − + −



θ θ θ θ θ θ

1 1 1 ,2 1 2 1 ,2 1 2( ) 1 ( ) ( , ) ( , )BE
D L D D L D D USe F F F= − + −



θ θ θ θ θ θ
Computation of MROC, cost and optimal operating point

When considering two continuous tests, the use of the BE strategy 
is associated with three thresholds and as such, produces a collection 
of FPR-Se pairs from which the Maximum Receiver Operating 
Characteristic (MROC) curve may be derived [5]. These FPR-Se 
pairs may, and often do, contain values for which at a given FPR=t, 
multiple Se values are observed. Clearly, thresholds that can produce 
a higher Se for a fixed FPR may be preferred over those that produce 
lower Se values. Thus, the MROC curve is comprised of the FPR-Se 
pairs for which She is maximized at a fixed FPR=t. The formula used 
to calculate the MROC curve in general is:

( )
MROC t, max (Se( )) : 0 t 1, .n

FPR tθ
θ θ

≤

   = < < ∈      




 

For each point on the MROC curve for the BE strategy, there is 
a corresponding set of thresholds in 3



(θ1L and θ1U for Test 1 and θ2 
for Test 2) that produces maximum sensitivity for an associated fixed 
FPR.

Also associated with the set of thresholds that define the points 
on the MROC curve is a cost of testing. This cost is a measure of the 
number of subjects that must be evaluated by both tests, and therefore 
is a function of the probability of the second test being used (i.e., the 
thresholds on the first test that force the subject to proceed to the 
second test). The more subjects being classified by the second test, 
the higher the cost associated with conducting the sequence. Thus, 
the thresholds associated with the points on the MROC curve make 
the BE strategy less or more expensive depending on the number of 
patients who receive Test 2.

The formula used to calculate this cost, the cost of conducting the 
sequence, is 

C(θ1L,θ1U)=((F1D(θ1U) - F1D(θ1L)×P(D))+(( F1N(θ1U) - F1N(θ1L)×(1-
P(D)))

The MROC curve describes the best performance (highest 
Se value) across every FPR, and notably, across all threshold 
combinations. It may be prudent, though, to define and work with 
the point at which classification accuracy is optimized, that is, rather 
than working with the entire MROC curve that was generated by 
the testing sequence, describe instead the performance of the testing 
sequence at its optimal point. We consider the Optimal Operating 
Point (OOP) which maximizes the Generalized Youden Index (GYI) 
where the GYI is given by the following formula:

( )( ) max ( ) ( )GYI Se mFPR= −


  

θ
θ θ θ

Where m=[(1-P(D)/P(D)]×[(CFP-CTN)/(CFN-CTP)] and the terms 
CFP, CTN, CFN, CTP refer to the costs of misclassification associated 
with a False Positive (FP), True Negative (TN), false negative (FN) 
and True Positive (TP). The term m, is a weighting factor which 
represents the slope of the MROC curve at the OOP [8-10]. The 
misclassification costs in m reflect financial or health costs that result 
from the decisions of the sequence [9-11], not to be confused with the 
cost of conducting the sequence, C(θ1L, θ1U ). 

A maximum GYI may also be computed amongst the sets 
of thresholds that restrict cost to particular ranges of values, 
C(θ1L,θ1U)<C0 [5]. C0 Would be a cost restriction, which does not 
allow the user to consider threshold values, or testing performance, 
for subsets of patients receiving both Test 1 and Test2 whom exceed a 
particular cost (e.g. C0 =80% means that no more than 80% of patients 
would undergo Test 2). A cost constraint of 100% means that all of 
the patients could receive both Test 1 and Test 2.

Simulation
Simulation methods

To be able to study the behavior of the BE strategy, the effects of 
four different parameters associated with the accuracy and cost were 
examined. These parameters were the ratio of the standard deviations 
for the diseased, σD and non-diseased populations, σN, prevalence of 
disease P(D), the correlation between tests in the sequence for the 
non-diseased, ρN, and diseased, ρD, populations, and the area under 
the curve (AUC) for each of the two tests when used alone. In this 
investigation, the values of the AUC considered for Test 1 and Test 
2 respectively, were (0.7, 0.7), (0.7, 0.9) and (0.9, 09). These pairs 
of values assume that the second test was at least as accurate as the 
first test. In order to see clearly the effect of the ratio of standard 
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deviations, b= σN/σD, on the BE strategy, we examined three possible 
values of the ratio of diseased and non-diseased standard deviations: 
b=0.5, 1 or 2. When b=2, the standard deviation of test results for 
non-diseased subjects is twice that of the diseased subjects. When b=1 
the standard deviation of test results for diseased and non-diseased 
subjects are equal. When b=0.5 the standard deviation of test results 
for diseased subjects is twice that of the non-diseased subjects. Four 
combinations of correlation between the tests for both the diseased 
and non-diseased populations were considered:

(ρD=0, ρN=0), (ρD=0.3, ρN=0.7), (ρD=0.7, ρN=0.3) and (ρD=0.7, 
ρN=0.7).

Finally, these parameter settings were examined when imposing 
a cost constraint of 80%, that is, the cost of conducting the sequence 
was restricted to no more than 80% of subjects being diagnosed by 
the second test. For the cost constraint comparisons, a prevalence of 
0.1 was used.

For this simulation, we assumed that the values of the test results 
for subjects with and without disease (X1D, X2D, X1N, X2N ) followed 
bivariate normal distributions expressed as follows:

( )

( )

2
1 1

1 2 2
2 2

2
1 1

1 2 2
2 2

    
, ,

    

    
, ,

    

N N N
N N
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
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Thus, the estimation of the accuracy measures (sensitivity and 
FPR) was obtained by using normal distribution CDFs for those with 
and without disease. Together, these are referred to as the binormal 
model. Without loss of generality, we set the means of the bivariate 
normal model for the subjects without disease as 0 and the standard 
deviations to 1, that is: µ1N= µ2N=0 and σ1N=σ2N=1. Then σ1D=1/b1 and 
σ2D=1/b2 Values of µ1D, µ2D can be obtained for assumed values of AUC 
by the formula

2
11
( )i

iD i
i

b
AUC

b
µ −+

= Φ . 

Correlation values were fixed as one of the parameter settings we 
varied. Since the binormal model assumption was made, we chose to 
evaluate thresholds over a grid that ranged between

[min(µN-3σN,µD-3σD), max(µN+3σN,µD+3σD)]. 

Because test thresholds had to include values from the distribution 
of both those with and without disease, this range of test thresholds 
used the minimum of lower limits of the diseased and non-diseased 
distributions, and the maximum of the upper limits of diseased and 
non-diseased distributions. Values outside this range, e.g. when 

θ1L< µ1N - 2.56σN or θ1U>µ1D+2.56σD , demonstrated less than 0.5% 
of observations fell in these extremes. When θ1L< µ1N - 2.56σN occurs, 
the threshold θ1L is so low that the strategy behaves as a BP strategy. 
Similarly, when θ1U>µ1D+2.56σD occurs, the threshold θ1U is so large 
that the strategy behaves as a BN strategy. 

Simulation results
The following tables show how the actual strategy at the optimal 

point can vary according to the AUC’s, standard deviations, 
correlations, or cost restrictions on the cost of conducting the 
sequence. Table 1 shows the resultant strategy at the optimal point 
for varied values of AUC, correlation and ratios of the standard 
deviations between tests. The ratio of standard deviations has the 
most important effects. When b1=b2=0.5, the strategy always resolves 
to a BP strategy, however, when b1=b2=2.0 it resolves to a BN strategy. 
This is true regardless of the values of m or the correlation. When 
b1=b2=1 the situation is different. Usually the BE strategy holds, with 
two finite thresholds for the first test. This is true when correlation is 
(0, 0) or (0.7, 0.7). However, when correlations are (0.3, 0.7) or (0.7, 
0.3) and AUC1=0.7 either the BP or BN strategy may apply.

When only one of the standard deviation ratios is 1, but the other 
is either 0.5 or 2.0, the results do not vary by correlation but do depend 

b1=b2=0.5 b1=b2=1 b1=b2=2 b1=1, b2=0.5 b1=1, b2=2 b1=0.5, b2=1 b1=2, b2=1

ρN, ρD ρN, ρD ρN, ρD ρN, ρD ρN, ρD ρN, ρD ρN, ρD

AUC m (0,0) (.3,.7) (.7,.3) 
(.7,.7) (0,0) (.3,.7) (.7,.3) (.7,.7) (0,0) (.3,.7) (.7,.3) 

(.7,.7)
(0,0) (.3,.7) (.7,.3) 

(.7,.7)
(0,0) (.3,.7) (.7,.3) 

(.7,.7)
(0,0) (.3,.7) (.7,.3) 

(.7,.7)
(0,0) (.3,.7) (.7,.3) 

(.7,.7)
(.7,.7)

0.5 BP BE BE BP BE BN BE BE BP BE

1.0 BP BE BN BP BE BN BE BE BP BN

1.5 BP BE BN BN BE BN BE BE BP BN

(.7,.9)

0.5 BP BE BE BP BE BN BP BN BP BN

1.0 BP BE BE BE BE BN BP BN BP BN

1.5 BP BE BN BN BE BN BP BN BP BN

(.9,.9)

0.5 BP BE BE BE BE BN BE BE BP BE

1.0 BP BE BE BE BE BN BE BE BP BN

1.5 BP BE BE BE BE BN BE BE BP BN

Table 1:  Strategy at the optimal operating point for different values of standard deviation ratio (b), correlations(ρ),  areas (AUC) and m*;  no cost restrictions.

*m=[(1-P(D))/ P(D)]×[(CFP-CTN)/(CFN-CTP)].
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on the AUC and m (Table 1). When b1=1 and the AUC’s are the same, 
either (0.7, 0.7) or (0.9, 0.9), the BE strategy is retained. When AUC= 
(0.7, 0.9) the strategy is BP when b2=0.5 and BN when b2=2.0. When 
b2=1 and b1=0.5, or 2.0, the strategies are mostly not BE, except when 
m=0.5 and b1=2. Therefore, the additional threshold that is required 
by the BE strategy may not be necessary across all cases, as a BP or a 
BN strategy may be preferred over a BE strategy at the optimal point. 

Since results may differ when considering the cost of conducting 
the sequence, analysis was rerun assessing the optimal point when 
cost, as computed in Section 2.2, was restricted to be less than or equal 
to 0.8. Table 2 summarizes these results. For b1=b2=2, the strategy 
at the optimal point still functions as a BN strategy. But now when 
b1=b2=0.5 all 3 thresholds of the BE strategy were often needed for 
the optimal point. This was true for all values of m when AUC= (0.9, 
0.9) and when m ≥ 1 for the other AUC values. Otherwise, the BP 
strategy applied. 

When cost of conducting the sequence is restricted and only one 
of the SD ratios (b) is 1 the results differ (Table 2). For b1=1 and b2=0.5 
or 2 and AUC= (0.7, 0.7) and (0.9, 0.9) the BE strategy is preserved. 
But when AUC= (0.7, 0.9), and m ≥ 1 the BN strategy applies. For 
the case when b2=1 and b1=2, the strategy at the optimal point was 
sometimes BE and often BN. However, when b1=0.5, the BE strategy 
holds for all correlations and m when AUC= (0.9, 0.9) and for other 
AUC values when m=1.5. Otherwise, BP often applied. 

In summary, the BE strategy appears useful for a large number of 
scenarios, especially under additional constraints of cost of conducting 
the sequence. For particular scenarios, the upper threshold on the first 
test is either so high that the sequence functions like a BN strategy or 
the lower threshold is so low that the sequence functions like a BP 
strategy. However, the flexibility of fitting a BE strategy incorporates 
the potential for either of the other strategies (BP or BN).

Applications
Obstructive Sleep Apnea (OSA) during sleep is a fairly common 

medical problem that, if ignored, may threaten an individual’s life 
[12]. While the prevalence of OSA is reported to be low in American 
patients (perhaps 1 in 15 adults has OSA of moderate or worse 
severity) [13,14], OSA is highly prevalent in Saudi Arabia. It was 
estimated that 40% of the Saudi Arabian people have an interruption 
of breathing during sleep and do not get enough good sleep [15].

In a study conducted at King Abdulaziz Medical City-Riyadh 
(KAMC-R), a patient’s age, neck size/cm, Body Mass Index (BMI), 
and daytime sleepiness, as measured by Epworth Sleepiness Scale 
(ESS) [16] were used to diagnose OSA. (The Arabic ESS version is 
a reliable and valid scale in screening patients for OSA risk among 
Arabic-speaking nations) [17,18]. Based on the Apnea-Hypopnea 
Index (AHI), 869 patients were classified into two groups: 364 
(42%) with OSA (AHI≥15) and 505 (58%) with non-OSA (AHI<15) 
[13,14]. Table 3 has means and standard deviations for those with and 
without OSA. Patients with OSA had a larger neck size, an older age, 
a higher BMI, and a higher ESS score as compared to patients without 
OSA (p-values < 0.05). These measurements were at most modestly 
correlated with each other (Table 4). 

We considered the optimal point for four pairs of tests 1) age and 
neck size; 2) ESS and age; 3) ESS and BMI; and 4) ESS and neck size. 
Table 4 lists the optimal point for each of the 4 sequences, along with 
the GYI, sensitivity, specificity, and cost. Based on the GYI, the best 
combination, assessed at the OOP with m=1.5, would be age/neck 

b1=b2=0.5 b1=b2=1 b1=b2=2 b1=1, b2=0.5 b1=1, b2=2 b1=0.5, b2=1 b1=2, b2=1

ρN, ρD ρN, ρD ρN, ρD ρN, ρD ρN, ρD ρN, ρD ρN, ρD

AUC m (0,0) (.3,.7) 
(.7,.3) (.7,.7) (0,0) (.3,.7) (.7,.3) (.7,.7) (0,0) (.3,.7) (.7,.3) 

(.7,.7) (0,0) (.3,.7)   (.7,.3) 
(.7,.7)

(0,0) (.3,.7) (.7,.3) 
(.7,.7)

(0,0)     (.3,.7)   
(.7,.3) (.7,.7) (0,0) (.3,.7) 

(.7,.3) (.7,.7)
(.7,.7)

0.5 BP BE BE BE BP BN BE BE BE BP BP BE

1.0 BE BE BE BN BP BN BE BE BE BE BP BN

1.5 BE BE BE BN BN BN BE BE BE BE BE BN

(.7,.9)

0.5 BP BE BE BE BE BN BE BE BE BP BP BN

1.0 BE BE BE BN BN BN BE BN BN BE BP BN

1.5 BE BE BE BN BN BN BE BN BN BE BE BN

(.9,.9)

0.5 BE BE BE BE BE BN BE BE BE BE BE BE

1.0 BE BE BE BE BE BN BE BE BE BE BE BN

1.5 BE BE BE BE BE BN BE BE BE BE BE BN

Table 2:  Strategy at the optimal operating point for different values of standard deviation ratio (b), correlations(ρ),  areas (AUC) and m*, when prevalence is 0.1 and 
cost is restricted to be less than or equal to 0.8.

*m=[(1-P(D))/ P(D)]×[(CFP-CTN)/(CFN-CTP)].

Test Low-risk for OSA (n=505) High-risk for OSA (n=364)

Mean SD Mean SD p-value

Neck Size 38.70 4.40 41.60 3.50 0. 0001

Age 42.80 17.30 52.30 13.90 0.0001

BMI 35.40 10.90 37.90 8.20 0.0002

ESS 9.00 5.60 10.40 5.80 0.0006

Table 3: Mean and standard deviation of clinical measurements by sleep apnea 
status.
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size. As compared to age/neck size, the combination ESS/neck size has 
slightly lower GYI and higher cost. (GYI=0.155 vs. 0.131, cost=0.623 
vs. 0.728, respectively). Cost is much less for the combination ESS/
BMI than any of the other test combinations examined, but the 
sensitivity is also considerably lower, providing the lowest GYI. Note 
that for the strategies with the initial test ESS, the upper threshold for 
ESS is initially at or above the maximum value of 24 for the survey. 
This implies that people would not be classified positive on the first 
test. Thus in these cases, the BE strategy becomes essentially a BN 
strategy. Note that the ratio of standard deviations for ESS was 1.0 
and for the various second tests b2 >1. Thus these results are consistent 
with our findings in Table 1. 

A second example shows the potential usefulness of the BE 
strategy in comparison with the BP and BN strategies. Data were from 
a case-control study conducted at the Mayo Clinic in Rochester, MN, 
in which blood serum was taken from 141 patients (51 controls with 
pancreatitis but without pancreatic cancer, 90 cases with pancreatic 
cancer) to study two antigens: CA125, a cancer antigen, and CA19-9, 
a carbohydrate antigen [19]. The AUC for CA125 was 0.79 and for 
CA19-9 was 0.88. The data were not normally distributed, so a Box-
Cox transformation was needed (The transformation parameters for 
CA125 and CP19-9 were λ1 = -0.5 and λ2 = -0.25 respectively). After 
transformation, the ratio of standard deviations was b1=0.94 and 
b2=0.62. The optimal points were determined for the 3 strategies BP 
and BN as well as BE. Results in Table 5 show that the thresholds for 
CA125 and CA19-9 when using a BP strategy are 111.73 U/ml and 
33.51 U/ml. Thus, in this sample when using the BP strategy, only 7 of 
141 people (5%) would have a value above 111.73 and be diagnosed 
using only CA125. For BN, the OOP would be 5.37 U/ml for CA125 
and 30.85 U/ml for CA19-9 and only 1 of 141 would be diagnosed 
based on CA125. Everyone else would be diagnosed based on the 
CA19-9 result. In contrast, the OOP for the BE strategy would be 6.59 
and 53.38 for CA125 and 6.16 for CA19-9. Twenty percent of patients 
would be diagnosed based on CA125. The cost for BE was also less 
than that for BP or BN, indicating that the BE strategy was superior to 
the other two strategies based on both cost and accuracy. 

Discussion
In this paper, we studied the accuracy of the BE strategy under 

different parameter settings to determine when all 3 thresholds were 

Test1/Test2 ρD / ρN b1 / b2 c1 c2 c3 GYI Sensitivity FPR cost

Age/ Neck size -0.5 / 0.31 1.2 / 1.3 66.8 36.8 40.3 0.155 0.613 0.305 0.623

ESS/Age 0.06 / 0.02 1 / 1.2 27.2* 8.5 49.1 0.088 0.381 0.195 0.757

ESS/Neck size 0.22 / 0.1 1 / 1.3 26.7* 6.5 41.0 0.132 0.454 0.215 0.703

ESS/BMI 0.13/ -0.01 1 / 1.3 26.6* 13.5 33.4 0.046 0.226 0.120 0.245

Table 4: Accuracy and cost at optimal operating point for various OSA test combinations.

*The actual upper limit of the EPS survey is 24.  A value above this arose from a grid search assuming normality.

BP BN BE

OOP (111.73, 33.51) (5.37, 30.85) (6.59,53.38,6.16)

Se/FPR/GYI 0.75/0.13/0.63 0.74/0.12/0.62 0.80/0.13/0.67

Cost 0.95 0.99 0.80

Table 5: Optimal operating point1 (OOP), accuracy measures and cost for CA125 
and CA19-9 using 3 sequential strategies.

In the original (back-transformed) units: (θ1, θ2) for BP, BN; (θ1L, θ1U, θ2) for BE.

needed for diagnosis at the optimal point. Depending on the values of 
the two thresholds on the first test, it is possible for the BE strategy to 
behave similar to either a BN strategy (when the upper threshold on 
the first test was very high) or a BP strategy (when the lower threshold 
on the first test was very low). We found that the ratio of the standard 
deviations of diseased and non-diseased populations, correlation 
between the two tests of diseased and non-diseased populations, AUC 
of the individual tests, and the weighting parameter, m of the GYI were 
all important determiners of whether 1 or 2 thresholds were needed 
for the initial test in the sequence. When no cost restrictions were 
placed, the BE strategy resolves to a BP strategy for b < 1, while the 
BE strategy resolves to a BN strategy for b >1. However, the addition 
of a cost restriction on conducting the sequence did not allow the BE 
strategy to collapse to either a BP or BN strategy to the extent as when 
there was no such restriction. When cost restrictions on conducting 
the sequence exist, the resulting strategy is more complex, and the 
optimal point of the test sequence evolves from a combination of the 
parameter settings.

The choice of what tests to sequence is essential in making a 
clinical decision. This is illustrated by an example of screening for 
obstructive sleep apnea, where available information included a 
patient’s age, neck size, BMI, and ESS. Our investigation considered 
which would be a better pair of tests in order to retain high accuracy 
while maintaining lower costs. The study revealed that sequencing 
age and neck size to screen for obstructive sleep apnea leads to more 
accuracy and concurrently reasonable cost compared to the other 
pairs. The combination of ESS and neck size yielded high accuracy 
as compared to the other combinations of tests, but proved more 
costly than the other combinations. These trade-offs will often exist. 
When ESS was used as Test 1, the BE strategy was found to essentially 
function as BN. 

At times the BE strategy will allow for fewer uses of the second test 
at the optimal decision point as compared to BP and BN. This was the 
case with the Wieand data where the BP and BN strategies essentially 
required all patients to need CA19-9 while only 80% needed CA19-9 
results with the BE strategy. If CA19-9 were particularly expensive 
or burdensome, this would have been an important advantage in the 
screening for and diagnosis of pancreatic cancer. The BE sequential 
strategy is a flexible strategy allowing optimal points to include a set 
of 2 or 3 thresholds. The choice to determine whether or not a BE, 
BP, or BN strategy would be optimal is complex and depends on a 
number of features related to the data structure including the values 
at which the thresholds for Test 1 are considered extreme. However, 
it is not necessary to decide in advance whether a BP or BN strategy 
would be preferred, as modeling with a BE strategy will produce 
the appropriate thresholds to maximize accuracy for a particular 
application. 
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