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Abstract
Based on fractional calculus, we considered the fault zone as a typical
example of the deformed medium including internal structures characterized by
the fractional dimension. The fractional notation of the Green’s function for the
generalized Laplace field gives a relationship between the fractional dimension
and the fractional order of the equation. We applied the relationship to the
displacement field around the strike-slip fault characterized by the generalized
Laplace equation. From the observed data for the strike-slip fault, we calculated
the fractional dimension of the fractional deformation field. This result implies that
the non-locality of the deformation field increases toward the fault. Moreover, we
suggest the heuristic method of deriving the displacement field of the fractional
Navier equation in the semi-fractional case.
Keywords: Fault zone; Fractal; Fractional calculus; Displacement field;
Deformation

Introduction
There has been ongoing theoretical interest in deformed mediums
with internal structures including discontinuities [1-5]. In particular,
internal structures in the lithosphere influence various deformation
phenomena, such as complex fracturing in a fault zone [6-10]. From
a geometrical viewpoint, the concept of the fractal dimension is useful
for characterizing the complexity of such internal structures [11-14].
As pointed out by Tarasov [15], most of the processes associated
with complex systems including fractal media have nonlocal
dynamics in time and space. On the other hand, the fractional
calculus is a powerful tool for describing physical systems that have
long-term memory and long-range spatial interactions. Therefore,
close connections exist between fractional calculus and the dynamics
of many complex systems, including fractal media [15,16]. This paper
considers deformation fields in a fault zone from the viewpoint of
fractional analysis.
To quantitatively discuss the coupling between a fault zone
and deformation fields, a study of Green’s function will be quite
helpful because this function includes fundamental properties of the
deformation field generated by the corresponding source [17]. Thus,
this paper applies the fractional Green’s function to the deformation
fields in a fault zone. In particular, we focus on the fractional Laplace
field for the following reasons.
Previous studies [9,10,18] have shown that the Laplace equation
is significant for describing scale-invariant properties of fracturing
in a lithospheric plate with internal discontinuities. Generally,
the Laplace equation has been used to describe diffusion-limited
aggregation such as complex fracturing characterized by the fractal
dimension (fractional dimension) [19]. The Laplace equation with
both homogeneous elastic coefficients [20,21] and non-homogeneous
elastic coefficients [22] has been analyzed in a complex deformation
field. This paper considers the fractional property of the derivative
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itself to analyze deformed mediums, including internal structures
such as a fault zone. For this purpose, the paper considers the Green’s
function for the Laplace equation with the fractional derivative
(−∆)a/2 f=0			

(1)

where a is a fractional value and f is a function. When a=2, this
equation becomes the standard Laplace equation.
In the analysis of a fractional derivative such as Equation (1), we
should use fractional calculus [23-25]. Caputo and colleagues have
done pioneering work on fractional analysis in various subjects,
including the solid earth science and the biosciences [26-30]. For
instance, they applied the fractional derivative to viscoelastic models
and enabled the description of power-law relaxation and the memory
effect [31].
Caputo [32] introduced the fractional derivative that is often used
in the fractional calculus as well as the Riemann-Liouville fractional
derivative. From a differential geometric standpoint, fractional
calculus has been developed based on the Caputo fractional derivative
[33-35] because of zero values for actions on constants. On the other
hand, fractional Fourier transforms have also been used particularly
for the fractional Green’s function [16] and have been applied
to various phenomena, such as general turbulence systems and
incompressible two-dimensional flows in geophysical fluid dynamics
[17,36]. Because we want to apply the fractional Green’s function of
Equation (1), this paper uses fractional Fourier transforms.

Methods
Review of the fractional derivative
The fractional derivative is defined via a fractional integral, such as
the Riemann-Liouville integral [23-25]. We apply the Fourier integral
because this approach is useful for deriving a Green’s function. This
paper defines the Fourier transform and inverses as follows:
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(2)

dkAˆ ( k ) e − ikx . 			

(3)

The derivative of the function results in:
n

d
1
A( x) =
dx n
2π

∫

∞

−∞

n
dk ( −ik ) Aˆ ( k ) e − ikx , 		

(4)

where n is an integer. Replacing n with a positive real number a
defines the fractional derivative [24]:
da
1
A ( x ) = Dxa A ( x ) =
dx a
2π

∫

∞

−∞

a
dk ( −ik ) Aˆ ( k ) e − ikx .

For instance, consider the function A(x) =|x|
Equations (2) and (5), we obtain:
Γ ( k + a ) − k −a
d a −k
−k
x = Dxa x =
x
, 		
dx a
Γ (k )
where Γ is the Gamma function defined by:

-k

∞

Γ [ k ] = ∫ dtt k −1e − t . 				
0

(5)
(x<0). From
(6)
(7)

Fractional order of derivatives and dimension
Let us consider the following fractional Laplacian of any order
(8)

where f(r) and q(r) are the function of the position r. For instance,
in some geophysical fluids, f(r) is the stream function, q(r) is the scalar
field advocated by the velocity field, and the parameter a characterizes
the property of a generalized turbulence system [17]. The Green’s
function for the fractional Laplacian of any order a is already known
mathematically [17,37,38]. The fractional Laplacian in Equation (8)
is also applied to the fractional diffusion equation and the fractional
wave equation [38,39].
From the Fourier transform of (8) with the point source -δ(r), we
obtain a Green’s function in Fourier space:
1 1
. 				
Gˆ ( k ) = −
(9)
2π k a
Thus, a Green’s function in the physical space is given by the
inverse Fourier transform of (9) [17]:
1 Γ ( 2 − a ) / 2  a − 2 			
(10)
G (r ) = − a
r ,
2π
Γ [ a / 2]
where we consider the case 1≤a≤3 and a≠2. For the general case
including a<0 and applications, see [17,36].
Equation (10) shows that the distance dependence of a Green’s
function in terms of the fractional order of derivatives is given by:
G(r) ∝r .					
a-2

(11)

For instance, we have G∝1/r for a=1. This is in agreement with
the distance dependence of a Green’s function in three-dimensional
space. Moreover, for a=3, we have G∝r, which is in agreement with the
one-dimensional case. These results imply the following relationship
between the fractional orders of derivative a and the dimension D:
a +D=4.					
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G(r) ∝r2-D.					

(13)

By comparing Equation (11) and Equation (13), the relation of
(12) is also supported. Because a is a real number, (12) means that the
dimension D is not necessarily an integer, such as the case of a fractal
dimension. Thus, in this paper, we call D the fractional dimension.
Note that we should distinguish the fractional dimension from
the space dimension. For instance, even if a phenomenon in twodimensional space can be characterized by the fractional dimension,
the dimension of space, in which the phenomenon is embedded,
remains two. This is similar to the case of fractal dimension. For
instance, we consider coastlines in two-dimensional space. The
dimension of space remains two even if the complexity of the
coastline’s measured length is characterized by the fractal dimension.

Results

In the next section, we review the Green’s function of the
fractional Laplacian based on the fractional derivative.

(−∆)a/2 f(r) = -q(r),				

In fact, the distance dependence of a Green’s function in terms of
the dimension D is given by:

(12)

Dislocation model of strike-slip fault
From the viewpoint of the Volterra dislocation, the screw
dislocation corresponds geometrically to the strike-slip fault [4042]. In three-dimensional space(x1,x2,x3), let us consider the screw
dislocation (strike-slip fault) with the dislocation line along the
x3-direction. The boundary condition at the dislocation is that the
displacement discontinuity across the dislocation surface is equal
to the fault slip. Adopting a radial coordinate system (r,θ) centered
on the dislocation line (the x3 axis), the slip fault is related to the
displacement field u3 (Figure 2 in [43]). In this case, Hooke’s law (i.e.,
the elastic constitutive law) shows that there are only two nonzero
stresses: σ13=μ∂1u3 and σ23=μ∂2u3, where μ is the Lame constant. On the
other hand, the equilibrium equation gives ∂1σ31+∂2σ32 =−F, where F
is the external force. Then, the displacement field u3=U(x1,x2) satisfies
∂1∂1u3+∂2∂2u3 =∆U=−F. 				

(14)

To consider the fractional effect of internal structures on the
deformation field in the fault zone, we extend this equation such as
in (8):
(−∆)a/2 U= -F.					

(15)

Then, we consider that the point force (double-couples type;
[43]), Equation (13) gives the displacement field in terms of the
fractional dimension D:
U=Cr2-D,					

(16)

where C is a constant. From section 3, the relationship between a in
Equation (15) and D in Equation (16) is given by the following:
a + D =4.					

(17)

Equations (16&17) show that the displacement in fractional space
can be characterized by the fractional derivative.
For instance, we can consider the displacements that occurred
during the 1992 magnitude -7.3 Landers earthquake (Figure 1; data
from [44]). Based on the observed data in Figure 1, we estimate the
relative variation in the fractional dimension D of Equation (16). We
set the value of D to 1.00 at the farthest point r ≈27. In this case, Figure
2 shows that the fractional dimension decreases with proximity to the
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where ri= xi− ξi and R = r = ( x1 − ξ1 ) + ( x2 − ξ 2 ) + ( x3 − ξ3 ) .
Forms such as (20) are not general forms, but are often used in solidearth science to consider the deformation field around the dislocation
(fault) (e.g., [43]). The parameters α and β are the constants
determined by substituting (20) into equation (19) as follows:
α −β
−2 β +
= 0, 				
(21)
1 − 2v
1
(22)
−16 βπ (1 − v ) + = 0, 				
2

2

2

µ

Figure 1: Surface displacement during the 1992 magnitude 7.3 Landers
earthquake plotted against distance from the fault (data from [44]).

where v is a Poisson’s ratio. From (21) and (22), the concrete form of
(20) is given by:
δ ij ri rj 

1
gij =
( 3 − 4 µ ) + 3  . 		
(23)
16πµ (1 − v ) 
R R 
This is the well-known form of the Green’s function for the
Navier equation [45]. Next, we extend the above derivation process
to the fractional case.
We replace the ordinary derivative operator with the fractional
derivative operator Dia. In this case, the basic equations used to derive
Equation (18) are rewritten as ρDt2a ui=Diaσji + Fi and εij = (1/2)(Daiuj
+ Dajui). Regarding the constitutive equation, we can use the ordinary
one because it does not include the derivative term. In this case,
Equations (18&19) are rewritten as follows:
μ(Dal)2ui + (λ+μ)DaiDakuk= −Fi,			

(24)

μ(D ) g + (λ+μ)D iD g = − 𝛿ij𝛿(xi−ξi).		

(25)

a 2 d
l
ij

a

a

d
k kj

Moreover, from Equation (20), we assume the Green’s function
to be in the following form:
Figure 2: Fractional dimensions estimated from the data in Figure 1.

fault. In section 5, we discuss the meaning of this variation.
Fractional navier equation
In solid earth science, the Navier (Cauchy) equation is often used,
as is the Laplace equation; thus, we consider the fractional Green’s
function for the Navier equation. First, we review the integer case of
a Green’s function, and then we extend this derivation process to the
fractional case.
The Navier equation is derived from the combination of three
basic equations, i.e., the equation of motion (ρd2ui /dt2 = ∂iσji+Fi),
the strain-displacement equation (εij = (1/2)(∂iuj + ∂jui)), and the
constitutive equation (Hooke’s law; σij = λδijεkk + 2μεij), where ui is the
displacement field, εij is the strain field, σij is the stress field, μ and λ are
the Lame constant, Fi is an external force, and ρ is the density of mass.
Under the condition of equilibrium, the Navier equation in terms of
the displacement field is given by the following:
μ∂l∂lui + (λ+μ)∂i∂kuk = −Fi.			

(18)

From the point force acting at the point ξ, we obtain the equation
in terms of a Green’s function gij:
μ∂l∂lgij + (+μ)∂i∂kukj = −∝ijβ(xi−ξi), 			

(19)

where δ(xi− ξi) is a triple Dirac delta. In this case, we consider the
following form of the solution:

gij = α

δ ij
R

+β

ri rj
R3

, 				
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(20)

gijd = A

δ ij

R d −2

+B

ri rj
Rd

, 				

(26)

where d(≠2) is a positive real number and A and B are coefficients.
Just as the coefficients of Equation (20) are determined by Equation
(19), the coefficients A and B of Equation (26) are determined by
Equation (25).
To determine A and B, we consider the semi-fractional dimension;
i.e., the integer dimension with a small perturbation (real number),
in the following analysis. Moreover, to simplify the calculations,
we introduce the concept of transformation between the ordinary
derivative and the fractional derivative. For instance, the fractional
derivative of the power law function x-d is given by the following
formal form:
Daxx-d = E(d,a)x-d-a,				

(27)

where E(d,a) is a function of d and a. As shown in section 2, if d=k, we
have E(k,a)= Γ[k+a]/ Γ[k]. On the other hand, the ordinary derivative
gives ∂xx-d= -dx-d-1. Therefore, we obtain the following transformation:
Daxx-d= F(d,a,x)∂xx-d,				

(28)

where F(d,a,x)= −E(d,a)x-a+1/d. Equation (28) means that the
fractional derivative of the power law function is equal to the product
of the corresponding function and the ordinary derivative. Based on
this result, we give the heuristic method of solving problems, i.e.,
assume the following transformations:
(Dal)2∂j∂iR4-d= G(4−d,a,xl)∂i∂j∇2R4-d,			

DaiDajR2-d= H(2−d,a,xi,xj)∂i∂jR2-d,			

(29)
(30)
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DaiDak∂k∂jR4-d= I(4−d,a,xi,xk)∂i∂j∇2R4-d,		
(D ) R
a 2
l

2-d=

J(2−d,a,xl)∇ R .			
2

2-d

(31)
(32)

Under relations (29)–(32), we can determine the coefficients A
and B by substitution of Equation (26) into Equation (25):
B
A=−
( d − 5 )(1 − 2v ) G + ( d − 5 ) I + H  ,
(33)
( d − 2) H 
Γ [ d / 2] 
1  ( d − 5 )(1 − 2v ) G d − 5 I  
−
.
−
 −
J
d −2
H d − 2 H   µ ( 2 − d ) 2π d /2  (34)
−1

B=

Therefore, Equation (26) gives the fractional Green’s function:
gijd = −

Γ [ d / 2]
 ( d − 5 )(1 − 2v ) G d − 5 I 
1
−
−

J µ ( 2 − d ) 2π d /2 
d −2
H d −2 H 

−1

 ri rj
r 
1
× d −
{( d − 5)(1 − 2v ) G + ( d − 5) I + H } R dij−2  .
2
R
d
H
−
(
)


						

(35)

When d=3 and the fractional derivative becomes the ordinary
one (i.e., G=H=I=J=1), this relation is in agreement with the ordinary
Green’s function (23).

Discussion
The Laplace equation has been used to describe complex
phenomena characterized by the fractal dimension, such as diffusionlimited aggregation, dielectric breakdown, and fracturing [19]. In
particular, Nagahama and Teisseyre [9] used the micromorphic
continuum to derive the generalized Laplace equation (the local
diffusion-like conservation equation) for strains and clarified the
scale-invariant properties; i.e., fractal properties of fracturing in a
lithospheric plate with microstructure under steady non-equilibrium
strain flux through plate boundaries.
This paper generalizes the Laplace equation in the sense of the
fractional derivative, Equation (15), and uses the relationship between
the fractional dimension D and the fractional derivative order a,
such as Equation (17): a + D = 4. Because a is the derivative order,
larger a is related to more non-local phenomena. From a + D = 4,
smaller D is also related to more non-local phenomena. Therefore, we
can estimate the degree of non-locality by measuring the fractional
dimension D. Figure 2 shows that the fractional dimension decreases
toward the fault. This implies that the non-locality of the deformation
field increases toward the fault.
On the other hand, previous fractal analysis of fractured rocks
showed that the fractal dimension increases toward the fault [46,47].
The fractal dimension of fracture patterns depends on the energy
density for fracturing [48], and the fractal dimension can be employed
as an independent measure of the energy distribution near faults [47].
Therefore, if the relationship between the fractional dimension of this
study and the fractal dimension of previous studies can be derived,
the non-locality estimated by the fractional dimension may be related
to the energy distribution estimated by the fractal dimension. This is
a topic for future research.
We generalized the Navier equation in the sense of the fractional
derivative: Equation (24). We suggested the heuristic method to
derive the Green’s function, Equation (35), by the point force, and
Submit your Manuscript | www.austinpublishinggroup.com

Figure 3: Green’s function plotted against the point source. The solid and
broken lines give the integer case d=3 and the sub-fractional case d=2.9,
respectively.

it is in agreement with the ordinary Green’s function (23) when d=3
and the fractional derivative becomes the ordinary one. To clarify the
characteristic of the fractional of a Green’s function, let us calculate
the value of gd12 for the integer case d=3 and the semi-fractional case
d=2.9 (i.e., G≈H≈I≈J≈1). Figure 3 shows a plot of the value of gd12
against the distance from the point source calculated at μ=30 [GPa]
and v=0.25. The solid line indicates d=3 and the broken line indicates
d=2.9. It can be seen that the difference between the value of the
fractional case and the value of the integer case increases with distance
from the point source. That is, the fractional Green’s function shows
long-range correlation compared with the standard Green’s function.

Conclusion
(1) The fractional Laplace equation shows that the fractional
dimension defined in this paper is related to the fractional order of
the equation, as described by Equation (17). Equation (17) indicates
that the fractional dimension is inversely proportional to the nonlocality related to the fractional order of the equation. From this
relation and the observed data, it was found that the fractional
dimension decreases; i.e., the non-locality of the deformation field
increases, toward the fault.
(2) Because the fractal dimension increases toward the fault, it is
implied that the non-locality estimated by the fractional dimension is
related to the energy distribution estimated by the fractal dimension.
(3) We suggested and computed the component of the Green’s
function for the fractional Navier equation in the semi-fractional
dimension case, and it was found that the fractional Green’s function
shows a slow decreasing of the displacement compared with the
standard Green’s function.
For the conclusion will be more convincible, we plan in the
near future to apply our method to other cases in which the precise
data for displacement field were obtained just like the 1992 Landers
earthquake.
References
1. Nishiyama Y, Nanjo KZ, Yamasaki K. Geometrical minimum units of fracture
patterns in two-dimensional space: Lattice and discrete Walsh functions.
Physica A: Statistical Mechanics and its Applications. 2008; 387: 6252-6262.
2. Suzuki-Kamata K, Kusano T, Yamasaki K. Fractal analysis of the fracture
strength of lava dome material based on the grain size distribution of block-

Austin J Earth Sci 2(3): id1018 (2015) - Page - 04

Yamasaki K

Austin Publishing Group

and-ash flow deposits at Unzen Volcano, Japan. Sedimentary Geology.
2009; 220: 162-168.

26. Caputo M. Linear models of dissipation whose Q is almost frequency
independent. Annals of Geophysics. 1966; 19: 383-393.

3. Yamasaki K, Nanjo KZ. A new mathematical tool for analyzing the fracturing
process in rock: Partial symmetropy of microfracturing. Physics of the Earth
and Planetary Interiors. 2009; 173: 297-305.

27. Caputo M, Mainardi F. A new dissipation model based on memory mechanism.
Pure and Applied Geophysics. 1971; 91: 134-147.

4. Teisseyre R. Why rotation seismology: confrontation between classic and
asymmetric theories. Bulletin of the Seismological Society of America. 2011;
101: 1683-1691.
5. Yajima T, Yamasaki K, Nagahama H. Geometry of stress function surfaces
for an asymmetric continuum. Acta Geophysica. 2013; 61: 1703-1721.
6. Nagahama H. Microspheric continuum, rotational wave and fractal properties of earthquake and faults. Acta Geophysica Polonica. 1998; 46: 278-294.
7. Teisseyre R, Nagahama H. Dislocation field evolution and dislocation source/
sink function. Acta Geophysica Polonica. 1998; 46: 13-33.
8. Teisseyre R, Nagahama H. Micro-inertia continuum: rotations and semiwaves. Acta Geophysica Polonica. 1999; 47: 259-272.
9. Nagahama H, Teisseyre R. Micromorphic Continuum and Fractal Frac-turing
in the Lithosphere. Pure Appl Geophys. 2000; 157: 559-574.
10. Nagahama H, Teisseyre R. Seismic rotation waves: dislocations and
disclinations in a micromorphic continuum. Acta Geophysica Polonica. 2001;
49: 119-129.
11. Turcotte DL. Fractals and Chaos in Geology and Geophysics. Cambridge:
Cambridge University Press. 1997.
12. Gnyp A. Fractal variations of the Transcarpathians, West Ukraine, seismicity
and their potential relation to changing phases of local seismic cycles. Acta
Geophysica. 2007; 55: 288-301.
13. Öztürk S. Characteristics of seismic activity in the Western, Central and
Eastern parts of the North Anatolian Fault Zone, Turkey: Temporal and
spatial analysis. Acta Geophysica. 2011; 59: 209-238.
14. Gospodinov D, Marinov A, Marekova E. Testing fractal coefficients sensitivity
on real and simulated earthquake data. Acta Geophysica. 2012; 60: 794-808.
15. Tarasov VE. Fractional Dynamics: Applications of Fractional Calculus to
Dynamics of Particles, Fields and Media. New York: Springer. 2011.
16. West B, Bologna M, Grigolini P. Physics of Fractal Operators. New York:
Springer. 2003.
17. Iwayama T, Watanabe T. Green’s function for a generalized two-dimensional
fluid. Phys Rev E Stat Nonlin Soft Matter Phys. 2010; 82: 036307.

28. Caputo M, Plastino W. Diffusion in porous layers with memory. Geophysical
Journal International. 2004; 158: 385-396.
29. Caputo M, Cametti C. The memory formalism in the diffusion of drugs through
skin membrane. Journal of Physics D: Applied Physics. 2009; 42: 125505.
30. Caputo M, Carcione JM. A memory model of sedimentation in water
reservoirs. Journal of Hydrology. 2013; 476: 426-432.
31. Mainardi F. Fractional Calculus and Waves in Linear Viscoelasticity.
Singapore: World Scientific. 2010.
32. Caputo M. Linear models of dissipation whose Q is almost frequency
independent—II. Geophysical Journal International. 1967; 13: 529-539.
33. Yajima T, Nagahama H. Differential geometry of viscoelastic models
with fractional-order derivatives. Journal of Physics A: Mathematical and
Theoretical. 2010; 43: 385207.
34. Yajima T, Yamasaki K. Geometry of surfaces with Caputo fractional derivatives
and applications to incompressible two-dimensional flows. Journal of Physics
A: Mathematical and Theoretical. 2012; 45: 065201.
35. Kawada Y, Yajima T, Nagahama H. Fractional-order derivative and timedependent viscoelastic behavior of rocks and minerals. Acta Geophysica.
2013; 61: 1690-1702.
36. Iwayama T, Watanabe T. Universal spectrum in the infrared range of twodimensional turbulent flows. Physics of Fluids. 2014; 26: 025105.
37. Riesz M. Lintegrale de Riemann-Liouville et le probleme de Cauchy. Acta
Mathematica. 1949; 81: 1–223.
38. Luchko Y. Fractional wave equation and damped waves. Journal of
Mathematical Physics. 2013; 54: 031505.
39. Mainardi F, Luchko Y, Pagnini G. The fundamental solution of the space-time
fractional diffusion equation. Fractional Calculus and Applied Analysis. 2001;
4: 153-192.
40. Takeo M, Ito HM. What can be learned from rotational motions excited by
earthquakes? Geophysical Journal International. 1997; 129: 319-329.
41. Yamasaki K, Nagahama H. Hodge duality and continuum theory of defects.
Journal of Physics A: Mathematical and General. 1999; 32: L475.

18. Nagahama H. Non-Riemannian and fractal geometries of fracturing in geomaterials. Geologische Rundschau. 1996; 85: 96-102.

42. Yamasaki K, Nagahama H. A deformed medium including a defect field and
differential forms. Journal of Physics A: Mathematical and General. 2002;
35: 3767.

19. Louis E, Guinea F. The fractal nature of fracture. Europhysics Letters. 1987;
3: 871.

43. Segall P. Earthquake and Volcano Deformation. New Jersey: Princeton
University Press. 2010.

20. Taguchi Y. Fracture propagation governed by the Laplace equation. Physica
A: Statistical Mechanics and its Applications. 1989; 156: 741-755.

44. Massonnet D, Rossi M, Carmona C, Adragna F, Peltzer G, Feigl K, et al. The
displacement field of the Landers earthquake mapped by radar interferometry.
Nature. 1993; 364, 138-142.

21. Stakhovsky IR. Fractal geometry of brittle failure at antiplanar shear. Izvestiia
physics of the solid earth C/C of fizika zemli-rossiiskaia akademiia nauk.
1995; 31: 268-275.

45. Landau LD, Kifshitz EM. Theory of Elasticity. 2nd edtn. Oxford: Pergamon.
1970.

22. Takayasu H. A deterministic model of fracture. Progress of theoretical
physics. 1985; 74: 1343-1345.

46. Udagawa Y. Examinations on the evaluation of rock heterogeneity by fractal
property of rock fractures. Dam Engineering. 1993; 10: 20-28.

23. Podlubny I. Fractional Differential Equations. San Diego: Academic press.
1998.

47. Nakamura N, Nagahama H. Changes in magnetic and fractal properties of
fractured granites near the Nojima Fault, Japan. Island Arc. 2001; 10: 486494.

24. Herrmann R. Fractional Calculus: an Introduction for Physicists. Singapore:
World Scientific. 2011.
25. Ortigueira MD. Fractional Calculus for Scientists and Engineers. Dordrecht:
Springer. 2011

Austin J Earth Sci - Volume 2 Issue 3 - 2015
ISSN : 2380-0771 | www.austinpublishinggroup.com
Yamasaki et al. © All rights are reserved
Submit your Manuscript | www.austinpublishinggroup.com

48. Nagahama H, Yoshii K. Scaling laws of fragmentation. Fractals and Dynamic
Systems in Geoscience. 1994: 25-36.

Citation: Yamasaki K and Yajima T. Fractional Calculus Approach to the Deformation Field near the Fault Zone.
Austin J Earth Sci. 2015; 2(3): 1018.

Austin J Earth Sci 2(3): id1018 (2015) - Page - 05

